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$,(x) - streamwise mode shape 

Superscr ip ts  

. e  

* - Laplace transform with respect t o  t i m e  

t - Four ie r  transform with r e spec t  t o  streamwise coord ina te  

- d e r i v a t i v e  wi th  respec t  t o  t ime-l ike argument 

I' - d e r i v a t i v e  wi th  respect  t o  space- l ike argument 

Subscr ip ts  

R - real p a r t  

I - imaginary p a r t  

I '  



1. INTRODUCTION 

. 
There are two r a t h e r  c lose ly  r e l a t e d  problems involv ing  t h e  

motion of a f l e x i b l e  c y l i n d r i c a l  s h e l l  i n  a f l u i d  flow which are 

of cu r ren t  engineer ing i n t e r e s t .  These are the  s t a b i l i t y  of t h e  

.. 

f l u i d  s h e l l  system ( s h e l l  o r  pane l  f l u t t e r )  and the  response of 

t he  system t o  "external"  fo rces ,  e.g. ,  response t o  p re s su re  f luc -  

t ua t ions  i n  a tu rbu len t  boundary l aye r .  I n  e i t h e r  case, t h e  determina- 

t i p  of  the  aerodynamic fo rces  due t o  t h e  s h e l l  motion is of i n t e r e s t .  

Here tofore  only t h e  s p e c i a l  case of  s inuso ida l  o r  simple harmonic 

motion has  been t r e a t e d  i n  a series of papers by Widnall and the  

author  [l-31 f o r  both e x t e r n a i  and i n t e r n a l  flow. This work w a s ,  

i n  t u r n ,  based on ear l ier  s t u d i e s  by Randall  [ 4 ]  and Stearman [ 5 ] .  

I n  t h e  p re sen t  work the  more genera l  case of a r b i t r a r y  t i m e  (as w e l l  

as s p a t i a i )  dependence of t he  s h e l l  motion i s  considered. 

used i s  analogous t o  t h a t  p rev ious ly  employed f o r  t he  f i a t  p l a t e  161. 

The approach 

Only t h e  e x t e r n a l  flow case i s  t rea ted .  

I 

, 
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2.  PROBLEM FOEttNLATION AND SOLUTION 

A f l e x i b l e  c y l i n d r i c a l  s h e l l  of f i n i t e  l eng th  undergoing a rb i -  

t r a r y  temporal and spat ia l  motion is considered. There i s  an e x t e r n a l ,  i 
t i n v i s c i d ,  i r r o t a t i o n a l  flow p a r a l l e l  t o  t h e p a x i s  of t h e  cy l inde r ;  t he  

F o b j e c t  is t o  determine t h e  f l u i d  (aerodynamic) fo rces  a c t i n g  on the  s h e l l .  
I 
I: 
I 

I n  o rde r  t o  make the  problem mathematically t r a c t a b l e  f o r  subsonic  flow, 

M 1, t h e  f i n i t e  l eng th  f l e x i b l e  s h e l l  is considered t o  b e  a po r t ion  of i 
I 
!, 

an i n f i n i t e l y  long cy l inde r ,  the remainder of which is  r i g i d ,  For super- 

G s o n i c  flow, M > 1, t h e  s o l u t i o n  is  no t  as r e s t r i c t i v e  s i n c e  t h e  flow behind 

t h e  f l e x i b l e  s h e l l  cannot a f f e c t  the  flow over i t ,  and t h a t  i n  f r o n t  of 

t h e  s h e l l  need only be uniform and p a r a l l e l  as i t  a r r i v e s  a t  t h e  f l e x i b l e  

she l l .  

Within the  framework of l i n e a r  theory,  t h e  boundary v a l u e - i n i t i a l  

value problem may b e  s t a t e d  as follows: We seek a s o l u t i o n  t o  t h e  p a r t i a l  

d i f f e r e n t i a l  equation f o r  the v e l o c i t y  p o t e n t i a l  $ 

subject t o  the boundary condi t ion  

aw aw 
ax a t  = U -+  - 3 F(x , t )  cos ne 

on f l e x i b l e  s h e l l  

- 0  
on r i g i d  cy l inde r  

and also an appropr ia te  boundary condi t ion  as r -+ m. The Four i e r  deconi- 

p o s i t i o n  i n  the c i r cumfe ren t i a l  variable 8 may b e  appropr i a t e ly  s u m e d  

1 

to t r e a t  an a r b i t r a r y  v a r i a t i o n  of shel l  & f l e c t i o n  w with 6. 



This problem w i l l  be t r e a t e d  by the  t ransform ca icu lus ,  employing . 
a Laplace transform with r e spec t  t o  t i m e  and a Four ie r  t ransform with 

r e spec t  t o  t h e  s p a t i a l  v a r i a b l e  x. Let 
. . *  

. + ( x , r , e , t >  = @ ( x , r , t )  cos n9 

and def ine  

W * 
(x , r ;p)  E / e-PtO(x,r , t)dt  

0 

and 

Equations (1) ahd (2) become (assuming t h a t  9 = = 0 a t  t = 0-) a t  

where 

and 

l r = R =  F *t 

wi th  



I * .  

Solving Eq .  (3) sub jec t  t o  ( 4 )  gives 
i 

where 

(The square roo t  of 5 is t o  be chosen such t h a t  the condi t ion of f i n i t e -  

ness  o r  r a d i a t i o n  is sa t i s f i ed  a t  i n f i n i t y ,  We w i l l  no t  need t o  do t h i s  

e x p l i c i t l y  .) Using the  convolution and invers ion  theorems w e  have 

where 

OD -- 

and 

tu 
L - 

- 
x 5 x/L, s = -  

Formally t h e  invers ion  may now be made t o  the  s p a t i a l  domain. Howmcr, 

i n s t e a d  w e  proceed with the  ca lcu la t ion  ef  the  Fourier  transform of the  

f l u i d  fo rces .  

t h e  Bernoul l i  formula, 

The f l u i d  pressure  is  related to the  ve loc i ty  p o t e n t i a l  by 



P' - p [ X + U N ]  a t  ax 

5 

From Eqs. (5) and (6) one may compute the  Four ie r  t ransform of the  pres -  

s u r e  amplitude as 

.s R. t 
= -pU - {H(O)F (s) + I [i iH(s-a) + fi(s-a)] Ft(a)do t 

0 
p,=R L (7) 

By no t ing  t h a t  

w e  see the  well-known r e s u l t  t h a t  a t  s = 0' 

by "p is ton  theory'' [7]. 

may b e  made i f  des i red .  

t he  p re s su re  is  t h a t  given 

Again a formal invers ion  i n t o  the  s p a t i a l  domain . 

For the  usua l  a p p i i c a t i o n s ,  t he  fo rces  of i n t e r e s t  are the  "general ized 

aerodynamic forces"  r a t h e r  than the  pressure  i t s e l f .  I f  

i s  def ined as Qmr then  t h e  (nondimensional) general ized fo rce ,  

L 

where P i s  the  pressure  amplitude due t o  m 



A considerable economy of e f f o r t  may b e  achieved by performing the  

i n t e g r a l  over x i n  Eq. (9') befo re  i n v e r t i n g  t h e  Four ie r  transform. 

Having done t h i s ,  Q may be  w r i t t e n  m r  

+I * 
, !  

0 

+Is 
0 

where 

I n  t h e  d e r i v a t i o n  i t  has  been assumed t h a t  $m(0) = qm(l)  = 0. 

and G comonly  used $ 

For t h e  

may be  i n t e g r a t e d  a n a l y t i c a l l y ;  
m' 'mr'  D m r s  my 

H and I must be determined by nurcerical i n t e g r a t i o n .  I n  o rde r  t o  do 

t h i s ,  i t  w i l l  b e  necessary t o  develop H i n  a more e x p l i c i t  form. 

m r  m r  

. 
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Development of H 

Re c a l l  
1 

b 

De f i n e  

then 

and, using a well-known invers ion  formula [ 8 ] ,  

Now Randall  has  evaluated the  fcl lowing func t ions  

Using another  known invers ion  formula, ( [  81, pg. 227, No. 5) B may be  

w r i t t e n '  i n  t e r n  of the  Randall  func t ions ,  V. 

The above eva lua t ion  of H follows very c lose ly  a similar c a l c u l a t i o n  of 

S t e a m a n  [5] who treated the  problem of a harmonically o s c i l l a t i n g  cy l inde r  

by us ing  a Laplace t ransform with respec t  t o  X. It tu rns  ou t  t h a t  h i s  

procedure is much more conveniently einployed wi th  respect t o  the  t i m e  
. 

v a r i a b l e ,  as ind ica t ed  here .  
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The Randall  func t ions  have several d e s i r a b l e  p rope r t i e s  among 

which are 
. 

1. They are real; H,  on the  o the r  hand, i s  complex by v i r t u e  - 
-ias of t h e  complex exponent ia l  e , 

2. 

See Eq. (12) .  

V only depends on a s i n g l e  argument and one parameter,  n. 
1 

3. V has  been tabula ted  f o r  n = 0 - 10. For t h e  p re sen t  work, 

i t s  d e r i v a t i v e  has  a l s o  been tabula ted  us ing  t h e  computation procedure 

suggested by Randall  [4]. 

Other i n t e r e s t i n g  p r o p e r t i e s  of V are 

S imi l a r ly  V ( 0 )  = -.5 

S imi l a r ly  V(-) = 0 

-. 
6. 1 V(s)ds = -1 from 4 

G . . * ,  

= 1  

for  .all n 

- 0  

and 5' 

This last property combined wi th  t h e  f a c t  t h a t  V decays wi th  i t s  argu- 

rrent more r ap id ly  as n inc reases  gives V a pseudo d e l t a  func t ion  behavior  

for large n (or l a r g e  L /R) .  



Now consider i and, more s p e c i f i c a l l y ,  i G H  + i which w e  need f o r  

.... .. 
H and Imr. From Eq. (13) rnr 

It w i l l  be noted t h a t  t h e  l a s t  term conta ins  an i n t e g r a b l e  square  roo t  

s i n g u l a r i t y  as u -+ s. For numerical work, i t  i s  d e s i r a b l e  t o  remove 

t h i s  by an obvious change of v a r i a b l e ,  v i z . ,  

J1 (SI 
Note t h a t  l i m  7 is f i n i t e .  

S* 

F i n z l l y ,  us ing  Eq. (15) and no t ing  t h e  even and odd p r o p e r t i e s  of 

and K wi th  respect t o  G, H and Imr may be  w r i t t e n  Gmr mr 
OD 1 1  - - 

Hmr(s) - -- ,, 1 a[Gmr s i n  as - G cos ;s;T(G)dG 
m r  

M O  R I .  
00 

[Gmr cos ';s + G s i n  as]T(';)di 1 1  I&) = - - - 
' M2 0 R mrI 

where - 
T(a) f - a.J1(y) as - L/R t (---) L S  

R M  
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, .  

For L/R + 0 ,  T(a) -f kl(F) and w e  recover t h e  r e s u l t  f o r  a two-dimensional 

f l a t  p l a t e  [6] .  

approach. 

Hence the  above form w i l l  be termed the  two-dimensional 

H and I are "admittance funct ions"  which may be  eva lua ted  once m r  m r  

and f o r  a l l .  

Slender  Body Approach 

There is an a l t e r n a t e  formulation which i s  of some phys ica l  and 

mathematical s i g n i f i c a n c e  which w e  b r i e f l y  consider  here .  By i n t e r -  

I changing the  convolution argument, Eq. (7) may be  w r i t t e n  

S 

(16) 
Pt = -pU - R t  {F (O)H(s) + 1 [it(s-a) + i~F'(s-cs)]H(a)da) 

L 
0 

Proceeding as be fo re  and omi t t ing  d e t a i l s ,  $r may b e  w r i t t e n  a3 

where 

-. 
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and 

m 

1 cos is + G s i n  as]Tl(a)da 
I m r  R Ymr(s) ; I [Gmr 0 

m 

cos is + G s i n  &s]Tl(a)d< - 1' -2 

I m r  Zmr(S) = - ;; 1 0 [Gmr 
0 R 

One may show t h a t  

hence a t  s = 0 t h e  r e s u l t s  are s t i l l  those of 'lpistcin theor j" .  Also 

as n becomes l a r g e  o r  L /R  i nc reases '  ( f o r  n # 0)  t h e  X Z are 

pseudo d e l t a  func t ions  s o  t h a t  

m r '  'mr' nr 

This is  

1 

t he  "s lender  body" l i m i t  which has  been previous ly  d iscussed  

for s imple  harmonic motion [1-3] genera l ized  co a r b i t r a r y  time-dependent 

motion. 
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3.  DISCUSSION 

Perhaps a b r i e f  word i s  i n  order  w i th  regard t o  the  mot iva t ion  

f o r  t he  manner i n  which t h e  several i n t e g r a t i o n s  were c a r r i e d  ou t .  

The o b j e c t ,  of course,  is  t o  minimize t h e  amount of numerical  work 

required.  With the  p re sen t  s o l u t i o n ,  us ing  e i t h e r  t he  two-dimensional 

o r  s l ende r  body approach, a double numerical  i n t e g r a t i o n  i s  requi red .  

, F i r s t  e i t h e r  T o r  T is eva lua ted  and then H 

and Zmr are ca l cu la t ed .  

s l e n d e r  body approach, t h e r e  is  l i t t l e  t o  choose, i n  general;  though 

and Imr o r  Xmr, Ymr, 1 m r  

Between the two op t ions ,  two-dimensional vs. 

as one would expect f o r  s m a l l  L/R, the two-dimensional approach i s  

somewhat more convenient whi le  f o r  L/R l a r g e ,  t h e  converse i s  t r u e .  

There are a t  least  two o t h e r  d i s t i n c t  approaches t o  t h e  problem 

which are worthy of mention. 

(i) A s o l u t i o n  i s  a v a i l a b l e  for simple harmonic motion [1-3]. I n  

p r i n c i p l e ,  t h i s  s o l u t i o n  could b e  used t o  ob ta in  the  a r b i t r a r y  tine-depen- 

dent  s o l u t i o n  by a s imple Four ie r  superpos i t ion  over  a l l  f requencies .  

Pre l iminary  i n v e s t i g a t i o n  of t h i s  procedure suggested i t  i s  less accura t e  

and lo r  e f f i c i e n t  than t h e  nethod used he re .  

(ii) An i n t e g r a l  form can be der ived e q r e s s i n g  9 o r  P i n  terms of t h e  

distribution of F over the shel l  from w h i c h  o r  P could b e  eva lua ted  by 

a numerical quadra ture  [7]. This approach is cormonly used f o r  o s c i l l a t i n g  

l i f t i n g  s u r f a c e s .  Iiowever, i t  is l e s s  e f f i c i e n t  than t h e  t ransform approach 

when F is known everywhere, i . e . ,  one h a s  an ord inary  r a t h e r  than a mixed 

b o u d a r y  va lue  problem 
. 



4. NUMERICAL RESULTS 

. 
Representat ive r e s u l t s  w i l l  b e  presented f o r  a family of s h e l l  

deformations,  

$m<E) = s i n  msrc m = 1,-2,... 

The t i m e  dependence w i l l  b e  taken as a u n i t  s t e p  func t ion ,  

a,(s) = 1 f o r  s > 0 

- 0  f o r  s < 0 

I n  Figs .  1 and 2 are presented r e s u l t s  f o r  Q and Q f o r  M = 1.414, 

L/R = 2 and var ious  n.  

11 12 
I n  Fig.  3 and 4, r e s u l t s  are shown f o r  L/R = 2,  

n = 0 ,  var ious  M and i n  Fig.  5 and 6 f o r  L / R  = 2 ,  n = . l o ,  var ious  M. - 

These d a t a  have a n u d e r  of i n t e r e s t i n g  f e a t u r e s  among which are: 

't (5) The s =: 0 r e s u l t s  are those given by t h e  p i s t o n  theory [ 7 ]  

and are independent of L /R  and n. 

(ii) For supersonic  flow, t h e  f l u i d  has a f i n i t e  memory of du r s t ion  

M/(M-1) and thus f o r  s > M/(M-l) t h e  values  of Q,, do not  change. 

(iii) As n (and L/R) i nc rease  t h e  genera l ized  fo rces  rea& t h e i r  

asymptot ic  ( l a r g e  s)  values  more quickly.  For l a r g e  n (and l a r g e  L / Z  

for n iC 0) t h e  aerodynamic fo rces  are of t he  "s lender  body" type.  

(iv) Conversely, f o r  s m a l l  n (and L/R) t h e  aerodynamic f o r c e s  are 

n e a r l y  two-dimensional. 

(v) For n = 0 ,  M = 1.0, t h e  aerodynamic f o r c e s  become i n d e f i n i t e l y  

l a r g e  as s -t ~. 
L/R # 0 ,  approach the  s l ende r  body values .  

For n # 0, i h e  aerodynamic fo rces  remain f i n i t e  and, f o r  
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5 %  

Fina l ly ,  i t  should be emphasized t h a t  although the  numerical  

r e s u l t s  presented  h e r e  are for t h e  technologica l ly  important  case 

of supersonic  flow, t h e  s o l u t i o n  is equal ly  v a l i d  and e f f i c i e n t  f o r  

subsonic  flow. 
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